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Abstract ------ In this note, we shall supplement Kellogg’s theory of interface problems, 
and provide complete eigenfunctions for the Sturm-Liouville system concerned. The 
complete eigenfunctions of interface problems are essential not only for theoretical 
research but also for numerical methods. 
Consider an elliptic problem of interfaces: 
p(-Au+u) = f , (X,Y)EQ , u = g , (x,Y)Er , (1) 
where G is a bounded domain, r is its exterior boundary, f and g are sufficiently smooth, 
and ~(9) are piecewise constants: 
p = p1 in R,’ , P = p2 in % - (2) 
Here f2 = R1 u ~22, and the constants are: p1 + p2 . 
Let I-,, denote the common boundary of R, and q (i.e., TO = R,nS2,). 
Then the true solutions of (l), (2) must satisfy the following continuity conditions: 
ul, = uI,+ , p 
0 
0 
(3) 
where 5 = TOnR,, l-i = T,@, arid v is the normal of rO. 
Suppose that To are piecewise straight lines (Fig. l), and that there exists only one 
intersection point A of l-0 with an intersection angle, 0>0. According to Kel!ogg’s theorem 
(Kellogg [a]), also see Strang and Fix (51, the solutions of (1) - (3) near the point A can be 
expanded into 
u = o+ 
c (4) 
j=O. 
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where r and 0 are polar coordinates with the origin A. Also ‘; is any particular solution, aj are 
expansion coefficients, I~ (r) are the Bessel functions for a purely imaginary argument and 
(o? (0)) are the solutions of the following Sturm-Liouville system: 
p = p (0) = 
Pl ’ /91<0/2, 
p2 ' 161>0/2. 
(5) 
The continuity conditions (3) lead to 
+;-o)++o), pI%!&+I)=p2!&~+O) , (6) 
where 0 (0 f 0) = lim Q (0 + A@ . 
AthO 
AO>O 
Kellogg provides two kinds of eigenfunctions for the Sturm-Liouville system: 
1. Symmetric eigenfunctions 
cOspje, lel.a2, 
Qfi, 03 = (7) 
J bj cospj (7r-e) , M,oa , 
where the constants are bj = COST 2 
and pj satxfy the equation: p1 tg fij 2 o+p2tgpj @7 x-2, =o. 
2. Anti-symmetric eigenfutictions: 
a--, (e) = sinjIjO , lQ<O/2, 
J 
Ej sir$ij (x-8) , v31>0/2, 
63) 
-0 
where Ej = sin~~si~$~ 
J2 
When @=; as in Fig. 2, it follows from Eqs. (6) (Strang and Fix [5,pp.262]) 
pj=4jfa* , Jij=4j+2fa* , (9) 
4 
where the constant d is defined by d= x arctg 
J 
3+Pl’P2 
1+ 3P,/P* - 
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It is to be noted that when 8= x/n, n=2,3 ,..., the eigenfunctions (7) or (8) are not complete . 
Let us consider the symmetric eigenfunctions (7). We have from the continuity conditions (6) 
that: 
cospje = bj cosfij (x-6) for 8 = O/2 , 
-plsinfijO = pzttj sir@ (x-e) for 0 = O/2. 
(10) 
(11) 
Indeed, Kellogg’s singular eigenfunctions are obtained only from the cases 
cospj (x-6) ;c 0 and sinfij (x-0) f 0 , (12) 
where 0 = 012. Therefore, the rest of the cases: 
cosoj (x-0/2) = 0 and cospj F = 0 (13) 
as well as 
sinPi (n-O/2) = 0 and sinfij F= 0 
will yield additional eigenfunctions. 
First, we obtain from (13) (9) and (10) that 
pj (x-0/2) = mx + 7t/2 , pj ~2 = kx + 7~2 , 
(141 
(15) 
where m and k are integers. It then follows that 
0 = x/n , II = 2,3,..., JIj = n(2j + 1) . (16) 
Note: 8 = x is trivial when n = 1. Consequently, when 0 = tin, n = 2,3,..., we find one part 
of the additional symmetric eigenfunctions satisfying (10) and (13) as follows: 
a) n(~+l) @)= _ yn (2k+1) e ’ 1&0/2=7r/2n , k = O,l,... . (17) 
-cosn (2k+l) 8 , 1%0/2=;t/2n, 
p2 
Second, by using Eqs. (14) 
symmetric eigenfunctions: 
(9) and (1 l), we can obtain the other part of the additional 
@2nk (e) = cos2nke , O<OIr , k = O,l,... , where 0 = x/n. (18) 
In summary, we have provided all additional symmetric eigenfunctions given by Eqs. (17) 
and (18) when 8= sdn,n = 2,3 ,... . From Courant and Hilbert [2, pp. 3601, all eigenfunctions, 
both Kellogg’s functions and the additional functions, form a complete orthogonal system for 
symmetric cases. Moreover, Kellogg’s functions are singular: the additional functions are 
analytic. 
In particular, the case of n - 2, i.e., 0= ti2 as in Fig. 2, is a popular example provided by 
Strang and Fix [5, pp. 2751. The corresponding additional symmetric eigenfunctions are: 
0 4k+2 (e) = 
1 
cos (4k+2)8 , Pl<x/4 , 
p1 (W 
-cos (4k+2)8, l6l>X/4 , 
p2 
04k (0) = cos4k9 , o<ecx , when k = O,l,... . (20) 
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We note that Eq. (20) is also given by Birkhoff [l] and Strang and Fix [5]. 
Next, we can similarly find additional anti-symmetric functions for 
a& (Q> = sin2nk 0 , l4<@/2, 
CsinZnk 8 , 101>0/2 , 
p2 
O=rc/n: 
(21) 
0 o(?k_ 1j (e) = sinn (2k - l)f3 , Ol%;r , where k = 1.2 ,... . P-3 
These additional functions and Kellogg’s functions (8) are also orthogonal and complete for the 
anti-symme!ric ases when 0 = x/n. 
So far, we have cempleted a supplement to Kellogg’s theory of interface problems. 
Based on this supplement, complete particular solutions are easily provided for the interface 
problem (l)-(3) so that the combined methods and the boundary methods can be developed 
(see [41). 
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